In this paper, according to CA duality, we calculate the late time complexity growth of Born-Infeld (BI) black holes, including BI black holes in massive gravity, magnetic BI black holes and dyonic BI black hole in four dimensions. We study the effects of graviton mass and magnetic charge on complexity growth, and make a comparison between the calculating results of electric and magnetic charged BI black holes.
Introduction
Holographic principle relates boundary CFT to bulk theory of gravity, through the correspondence one can study the problems of strong coupling CFT on the boundary through studying weak coupling gravity in the bulk. Remarkable progress has been made in applications of holographic principle in recent years, including applications of holography to study low energy QCD, hydrodynamics, condensed matter theory [1] [2] [3] [4] [5] , etc.
Recently, the study of holography and quantum information shed light on understanding of quantum gravity. In the initial work [6] , Maldacena and Susskind found that any pair of entangled black holes are connected by some kind of Einstein-Rosen bridge, i.e., ER=EPR. However, the ER=EPR duality does not tell how it difficult to transmit information through Einstein-Rosen bridge. Therefore, the concept complexity was introduced. Complexity is the minimal number of simple gates needed to produce a target state from a reference state. Complexity was originally conjectured to be proportional to the maximum volume of codimension one surface bounded by the CFT slices, C = V Gl , which is called CV duality [7] [8] [9] [10] [11] [12] [13] [14] . The length scale l is chosen according to situations. In order to eliminate the ambiguities in CV duality, CA duality was proposed [15, 16] , which states that complexity is proportional to the action in Wheeler-DeWitt(WDW) patch, C = I π . CA duality does not involve any ambiguities in CV duality and preserves all the nice features of CV duality. CA duality have passed the tests of shock wave and tensor network.
Complexity growth indicates the proceeding of quantum computations. Black holes are conjectured to be the fastest computers in nature. Since the ability for information storage is proportional to entropy and black holes have more entropy than any other objects considering thermodynamic second law, black holes are known to be the densest memory [17] [18] [19] . Therefore, it is reasonable to conjecture black holes excel as much well in other information tasks such as computation. There exist a bound for the speed of computation. The Margolus-Levitin bound gives the minimal time needed for a state evolving to an orthogonal state [20] orthogonality time ≥ π 2 E . Inspired by Margolus-Levitin bound, Lloyd proposed a bound on the speed of computation [21] . Brown and collaborators generalized Lloyd's bound and conjectured that there exists a limit of the growth rate of simple gates in the process of preparing a target state from a reference state
Calculations show that neutral static black holes saturate the bound as expected. For systems with other conserved charges such as electric charge, the bound (1) should be adapted to be
This bound can be understood using the thermodynamic relation d(M − µQ) = T dS that black holes efficiently use all of their internal energy to complexify.
It's meaningful to study complexity of various type of black holes and examine whether the bounds mentioned above are satisfied. One could investigate this issue from two aspects, one is to consider black holes in Einstein gravity coupled to different matter source, the other is to consider black holes in other theories of gravity. There have been many works on this subject, including studying complexity of (un)charged static black holes, rotating black holes of Einstein gravity and black holes in modified theory of gravity [16, . Among various types of black holes, we are especially interested in BI black holes, since the inner horizon may turn into a curvature singularity due to perturbatively unstability [23] , which implies a BI black hole may have a single horizon [43] [44] [45] . It's interesting to study the differences in complexity between this type of black holes and AdS-Schwarzschild black holes. As mentioned above, we will study complexity of BI black holes from two aspects in the following. First we will consider BI black holes in massive gravity and study the effects of graviton mass. Then we will consider BI black holes with magnetic charge, as electric charged BI black holes have already been studied in detail [23, 24] . We will explore the effects of magnetic charge on complexity and compare complexity growth of magnetic BI black holes with the one of their electric counterparts. Also, we will calculate complexity growth of dyonic black hole in four dimensions and examine the roles played by electric and magnetic charges in complexity growth.
The paper is organized as, in section 2 we calculate complexity growth of BI black holes in massive gravity. In section 3, we explore complexity of BI black holes with magnetic charge. We discuss pure magnetic BI black holes in section 3.1 and discuss four-dimensional dyonic black hole in section 3.2. We summarize our calculations in the last section.
Born-Infeld black holes in massive gravity
In this section, we calculate complexity growth of BI black holes in massive gravity and discuss the effects of graviton mass. The action of the theory reads [46] 
where f is a fixed symmetric rank-2 tensor. c i are constants and U i are symmetric polynomials of the eigenvalues of matrix K µ ν ≡ √ g µα f αν
L(F) is the Lagrangian density of BI electromagnetic theory
Taking variation of the metric and electromagnetic field one obtains the equations of motion (e.o.m)
where
The static metric ansatz takes the form
where h ij dx i dx j is the line element of codimension-two hypersurface with constant curvature. Using the reference metric
the U i 's can be expressed as
Under the assumption of electrostatic potential A µ = Φ(r)δ 0 µ , the e.o.m of A µ can be solved out and the only non-vanishing component of strength tensor is given by
Substituting the above results into (6), one obtains the metric function
Since complexity is proportional to action in WDW patch and in general WDW pathch contains null boundary surfaces and joints, we should employ the method proposed in [47, 48] , where it's shown that the total action with no smooth boundaries is given by
Where S i , T i and N i labels spacelike, timelike and null boundary respectively. K is the Gibbons-Hawking term. κ measures the failure of λ to be an affine parameter on the null generators. η j i is the joint term between non-null hypersurfaces. a m i is the joint term between null and other type of surfaces. The signatures sign(N i ), sign(j i ), sign(m i ) are determined through the requirement that the gravitational action is additive.
The black holes (13) may have one or two horizons [46] . Let's first calculate action growth of black holes with single horizon. The left panel of Fig.1 presents the WDW patch of this type of black holes. From the panel it is easy to see that, the η terms in (15) vanish because there are no joints between non-null hypersurfaces in WDW patch. It is natural to require all null segments to be affine parametrized, therefore all κ terms in (15) vanish too. Considering time transition symmetry, the left contributions to
To proceed our calculations, it's convenient to introduce the null coordinates
Under the null coordinates the metric becomes
or With the e.o.m (6), the bulk Lagrangian takes the form
Thus the action of region V 1 is
where Ω d 2 is the volume of the codimension-two hypersurface,
can be expressed as
Similarly, the contribution of V 2 to the action is
where r = ρ 0(1) (v) describes the u = u 0(1) surface. In the late time limit, ρ 1 (v) → r + , we have
where we have taken → 0. The contribution of the spacelike surface S to δI is
where we have used K = −1
The joint term is
where a = − ln (−f /(cc)) and h(r) = −r d 2 ln (−f /(cc)). Using dr = − 1 2 f δt, we have
In the late time limit, r B → r + , therefore we have
Collecting our calculations, adding up all the contributions to δI (24), (25) and (28), we finally arrive at
where M, Q, Φ are respectively mass, electric charge and potential of the black hole
and
In light of CA duality, growth rate of complexity is
Note that, this calculating outcome shares the same form as the one of black holes in Einstein-Born-Infeld (EBI) gravity [23, 24] . Due to the presence of BI electromagnetic field, growth rate of complexity slows down and Lloyd's bound is satisfied. When q → 0, like AdS-Schwarzschild black hole, Lloyd's bound is saturated.
For the black holes with two horizons, the WDW patch is illustrated by the right panel of Fig.1 . The bulk contribution to δI is given by
As Fig.1 shows, there are four joints contribute to δI
The two terms in (34) together give rise to
Combining (33) and (35), we have the total variation of action
which can be rewritten as
According to CA duality, growth rate of complexity is
As the single horizon case, this result takes the same form as the one of EBI black holes too. EBI black holes are the m → 0 limit of (13)
Due to the effects of graviton mass, when the same mass and charge parameters of black holes are given, we have f (r) −f (r) < 0 (given c i negative [49] ), which implies r − <r − and r + >r + (r ± are the inner and outer horizons of EBI black hole (39) ). Therefore, the growth rates of complexity of black holes in Einstein massive gravity are always superior to the growth rates of complexity of their Einstein gravity counterparts. Similar results have been obtained in literature [28] .
Born-Infeld black holes with magnetic charge
In this section, we focus mainly on effects of magnetic charge on complexity growth of BI black holes. We will calculate complexity growth of pure magnetic BI black holes and dyonic BI black hole in four dimensions.
Let's first review the planar dyonic BI black holes in general even dimensions. The Lagrangian (5) is only suitable for constructing BI black holes with electric charge. For black holes with both electric and magnetic charges, the Lagrangian should be replaced with the general one [50] 
The Lagrangian of EBI theory can be written as
where Λ 0 = Λ−β 2 /2 is the bare cosmological constant, and Λ is the effective cosmological constant. Variation of the action of EBI theory give rise to e.o.m
where h µν = g µν + F µν /β, h ≡ det(h µν ), and (h −1 ) µν denotes the inverse of h µν , i.e.,
The metric and field strength ansatz for AdS planar black holes in d = 2n + 2 dimensions are given by 
The Einstein equations (42) imply the black hole solutions [50] 
where µ is the mass parameter, and
This integral can not be integrated out for general n, let's consider the following two special cases.
Pure magnetic black holes
As stated above, we are interested in effects of magnetic charge on complexity growth, in this subsection we consider the pure magnetic black holes in diverse dimensions.
With the e.o.m (42) , the bulk Lagrangian can be written as
For black holes with single horizon, with the null coordinates introduced in (17), the action of region V 1 is given by
where ω 2 ≡ dx 1 dx 2 = · · · = dx 2n−1 dx 2n . For later convenience, let's introduce
Then I V 1 can be rewritten as
Similarly, the action of region V 2 is
.
(53)
In the late time limit, (52) together with (53) lead to
In the second equality, we take the → 0 limit.
The action of the spacelike surface is
ω n 2 δt(2n + 1)µ.
where in the first equality we have taken the late time limit.
Putting the three terms (54), (55) and (56) together, we have
andC = 0, f or n = 2, 4, 6 . . .
, f or n = 1, 3, 5, . . .
It is interesting to note that, for the magnetic planar BI black holes with single horizon, the growth rate of complexity depends only on mass and a constant involving p, while it does not depend on the product of magnetic charge and the potential Q m Φ m . This differs from the pure electric charged case (32) , where the growth rate of complexity depends on mass and the product Q e Φ e . In other words, magnetic field does not slow down complexification in the same manner as electric field. Although for magnetic black holes the term Q m Φ m disappears, the bound dC dt ≤ 2M π is not violated. When n is even, C = 0 and Lloyd's bound is saturated. When n is odd, the non-vanishing constantC appears in complexity growth rate, Lloyd's bound is not saturated. When p → 0, then C → 0 and (60) reduces to the one of AdS-Schwarzschild black hole.
For magnetic BI black holes with two horizons, the bulk contribution to δI is
The joint terms are
Combining (61) The calculating outcome (64) leads us to guess if the double-horizoned magnetic BI black holes do not exist. In order to make clear this question, we present µ-r + and f (r)-r plots in Fig.2 . We can see from the left panel of Fig.2 that, for fixed parameters there exist a µ min , and a µ 0 = µ| r + →0 . When µ < µ min , f (r) describes a bare singularity. When µ > µ 0 , f (r) describes a black hole with single horizon. When µ min < µ < µ 0 , f (r) describes a black hole with inner and outer horizons. This can be seen more explicitly on the right panel of Fig.2 , where the green line describes a bare singularity, the red line describes a single-horizoned black hole, and the blue line describes a doublehorizoned black hole. Therefore, the double-horizoned magnetic BI black holes do exist. This fact together with (60) and (64) imply that, magnetic field does not slow down complexification of single-horizoned BI black holes in the same manner as electric field, it does not produce complexification of double-horizoned BI black holes as electric field do either.
Four-dimensional dyonic black hole
In this section we calculate complexity growth of dyonic black hole. For simplicity, we only consider the dyonic black hole in four dimensions.
When the black hole has single horizon, the action of region V 1 is given by
The action of region V 2 is
Thus
The surface term is
Putting (68), (69) and (70) together, we have
and the thermodynamic quantities are given by [50] 
Growth rate of complexity is
When the dyonic black hole has two horizons, proceeding the calculations as above we have
Thus the growth rate of action is
It is easy to see from (74) and (78) that, the term Q e Φ e or q 2 p 2 Q m Φ m which contributes to complexity growth of four-dimensional dyonic BI black hole appears due to nonvanishing q. When q = 0 and p = 0, the constantC does not vanish, and the calculating outcomes (74) and (78) reproduce the ones of pure magnetic black hole (60) and (64). Therefore, the calculations in this subsection agree with the ones in last subsection and show explicitly that electric and magnetic charges contribute differently to complexity growth of BI black holes.
Conclusions
In this paper, we study complexity growth of BI black holes, including BI black holes in massive gravity and BI black holes with magnetic charge. Calculations show that complexity growth of BI black holes in massive gravity share the same form as the one of EBI black holes. It's found that, when the mass and charge parameters are given, complexity growth rate of the double-horizoned BI black holes in massive gravity are always superior to the one of their Einstein gravity counterparts. In other words, doublehorizoned BI black holes in massive gravity may be considered to be faster computers in nature than their Einstein gravity counterparts.
For the pure magnetic BI black holes we find that, unlike electric charged BI black holes, magnetic field does not contribute the term Q m Φ m to complexity growth of BI black holes with single horizon. Rather, magnetic field contributes a non-vanishing con-stantC involving p to complexity growth when n is odd, which makes Lloyd's bound is satisfied and makes BI black holes distinguished from AdS Schwarzschild black holes. When n is even,C = 0, in this case Lloyd's bound is saturated like AdS-Schwarzschild black hole. Calculations show that, for magnetic BI black holes with two horizons, complexity growth rates are zero, i.e., magnetic field does not produce complexification in this case. The calculating outcomes for pure magnetic BI black holes can be summarized as, magnetic field does not slow down complexification of single-horizoned BI black holes in the same manner as electric field, it does not produce complexification of double-horizoned BI black holes as electric field do either.
For the four-dimensional dyonic black hole, it's found that, non-vanishing of the term Q e Φ e or q 2 p 2 Q m Φ m appearing in complexity growth is just due to non-vanishing of the parameter q. When q → 0 and p = 0, the calculating outcome reduces the one of fourdimensional pure magnetic black hole. The calculations show explicitly that electric and magnetic BI black holes behave differently in complexity growth.
